Abstract. In this paper we find some necessary and sufficient conditions for a Banach algebra to be amenable or weakly amenable, by applying the homomorphisms on Banach algebras.
Introduction
Let A be a Banach algebra and let X be a Banach A-bimodule. Then X * is a Banach Abimodule if for each a ∈ A , x ∈ X and x * ∈ X * we define
x, ax * = xa, x * , x, x * a = ax, x * .
Let ϕ : A −→ B be a Banach algebra homomorphism, then B is a A-bimodule by the following module actions a.b = ϕ(a)b, b.a = bϕ(a) (a ∈ A, b ∈ B).
We denote B ϕ the above A-bimodule. For a Banach algebra A, A * * with the first Arens product is a Banach algebra. Let X be a Banach A−module, we can extend the actions of A on X to actions of A * * on X * * via a ′′ .x ′′ = w * -lim of Banach algebras and we related this notations to weak amenability.
Amenability
Let A be a Banach algebra and X be a Banach A-bimodule, then X ⊕ 1 A is a Banach space, with the following norm
So X ⊕ 1 A is a Banach algebra with the product
where this sum is A-bimodule l ∞ −sum. In this section we use module extension Banach algebras to finding an easy equivalent condition for amenability of a Banach algebra.
Theorem 2.1. Let A be a Banach algebra. Then the following assertions are equivalent:
(i) A is amenable.
(ii) For every Banach algebra B and every homomorphism ϕ : A −→ B, H 1 (A, B ϕ * ) = {o}.
(iii) For every Banach algebra B and every injective homomorphism ϕ : A −→ B,
(iv) For every Banach algebra B and every injective homomorphism ϕ :
(v) For every Banach algebra B and every injective homomorphism ϕ : A −→ B,
is an injective Banach algebra homomorphism. Then
Then D 1 is inner derivation. On the other word there exist a
For every a ∈ A we have 
, and by a similar proof as above we can show that D is inner. Then we have H 1 (A, X * * ) = {o}, and by Proposition 2.8.59 of [2] , A is amenable.
Let A has a bounded approximate identity, and let X be an essential Banach A-bimodule, then it is easy to show that (X ⊕ 1 A) ϕ is an essential Banach A-bimodule when ϕ : 
Weak amenability
In this section we fined the relationship between weak amenability and homomorphisms of Banach algebras. First we introduce two new notations of amenability of Banach algebras.
Definition 3.1. Let A be a Banach algebra. Then (i) A is supper weakly amenable if for every Banach algebra B and every continuous homomorphism
.
(iii) A is semiweakly amenable if every derivation D : A −→ A * , by the following property
is an inner derivation.
Example 1. Let T be the unit circle. We write (f (n) : n ∈ Z) for the sequence of Fourier
D is a non-inner derivation (see [1] ) and we have
Thus A is not semiweakly amenable. Example 2. Let A = C by the product ab = 0, (a, b ∈ C). Then by Theorem 3.2 (i), A is not supper weakly amenable. But it is easy to check that A is semiweakly amenable.
Example 3. Let S be a discrete semigroup in which S 2 = S, then by Theorem 3.2 (i), l 1 (S) is not supper weakly amenable. Let S = {t, 0} by products t0 = 0t = t 2 = 0 2 = 0, then l 1 (S) is not supper weakly amenable but for every derivation D :
we have D = 0. Thus l 1 (S) is semiweakly amenable.
Now we fined an equivalent condition for weak amenability of Banach algebras. 
For every a, b, c ∈ A, we have By the following Theorem we can show that the supper weak amenability is different from the weak amenability and semiweak amenability.
Theorem 3.6. Let A be a supper weakly amenable Banach algebra, and let θ : A −→ B be a continuous Banach algebra homomorphism with dense range. Then B is supper weakly amenable.
Proof. Let ϕ : B −→ C be a Banach algebra homomorphism and let d ϕ : B −→ C ϕ * be a derivation.
Then for every a, b ∈ A, we have
Therefore d ϕ oθ is a derivation from A into (C ϕoθ ) * . Since A is supper weakly amenable, then for every a, b ∈ A, we have
Thus B is supper weakly amenable.
Corollary 3.7. There exists a supper weakly amenable, non-semiweakly amenable Banach algebra.
Proof. Let E be Banach space without approximation property and take A to be the nuclear algebra E⊗E * (see Definition 2. 
Thus D ♯ is a derivation. So we have
Thus A is semiweakly amenable.
Let A be the augmentation ideal of L 1 (P S(2, R)), then we know that A ♯ , is weakly amenable and that A is not weakly amenable (see [8] 
supper weak amenability of the second dual of Banach algebras
Let A * * be the second dual of A with the first Arens product. Then amenability of A * * implies the amenability of A (see for example Proposition 2.8.59 of [2] ). So weak amenability of A * * implies the weak amenability of A if one of the following conditions holds (see [4] , [5] and [6] ).
(i) A is a left ideal in A * * .
(ii) A is a dual Banach algebra.
(iii) A is Arens regular and every derivation from A into its dual is weakly compact.
Similarly for supper weak amenability we have Theorem 4.1. Let A be a Banach algebra with one of the conditions (i), (ii) or (iii) as above. Let A * * be supper weakly amenable, then A is supper weakly amenable.
Proof. Let D : A −→ A * be a derivation, then D has an extensionD : A * * −→ (A * * ) * in whichD is a derivation (see [4] , [5] and [6] ). Since A * * is supper weakly amenable, then for every a, b ∈ A,
we have
Now let ϕ : A −→ B be a Banach algebra homomorphism and let d ϕ : A −→ B ϕ * be a derivation.
Thus A is supper weakly amenable.
Theorem 4.2. Let A be a Banach algebra. Let A * * be supper weakly amenable, then (i) A is essential.
(ii) There are no no-zero continuous point derivations on A.
Proof. 
